We give a short proof that if a function, defined on a nonempty complete metric space, without isolated points, is continuous on a countable dense set then it is continuous on an uncountable set. The argument only uses that Cauchy sequences converge. We discuss this in the context of Volterra's theorem, and give a simple example, for each complete metric space, of a function that is discontinuous only on a countable dense subset.
A function on the real numbers that is continuous only at 0 is given by f (x) = xD(x), where D(x) is Dirichlet's function (i.e., the indicator function of the set of rational numbers). From this one can construct examples of functions continuous at only finitely many points, or only at integer points. It is also possible to construct a function that is continuous only on the set of irrationals; a well-known example is Thomae's function, also called the generalized Dirichlet function-and see also the example at the end. The question arrises whether there is a function that is continuous only on the set of rational numbers (i.e., continuous at each rational number and discontinuous at each irrational), and the answer has long known to be no. Dunham discusses in [2] Volterra's 1881 theorem that implies this result. The standard proof now proceeds by arguing that the set of continuity points of a function must be a countable intersection of open sets, and that by Baire's category theorem, Q is not a countable intersection of open sets. As Dunham [2] points out, Volterra's proof appeared before Baire's theorem, and in [2] he gives a nice short argument of Volterra's theorem.
We prove a theorem for complete metric spaces, without isolated points, that implies Volterra's result. Our argument only uses the fact that Cauchy sequences must converge. As in [2] , we are interested in techniques independent of Baire's theorem that can be used in an undergraduate real analysis class. The main idea is to construct a new point in a nested decreasing intersection of closed balls. This idea of creating a new point in a countable intersection of closed bounded intervals can already be seen in Cantor's 1874 proof of the uncountability of the real numbers (see, e.g., [4] ). There are proofs already that use the Nested Intervals theorem to prove that there is no function that is continuous only on the rational numbers; see, e.g., [3] .
Theorem. Let X be a nonempty complete metric space without isolated points. If a real-valued function on X is continuous on a countable dense set, then it is continuous on an uncountable set. Proof. Let f : X → R be a function and let A ⊂ X be a countable dense set such that f is continuous at every point of A. We will first show that there is a point z ∈ X \ A such that f is continuous at z. Write A = {q n : n ∈ N}. We define, by induction, a nested sequence {C n : n ∈ N} of closed balls with radii decreasing to 0. Set p 1 = q 1 . By continuity at p 1 there exists an open ball B(p 1 , δ 1 ) such that |f (x) − f (p 1 )| < 1 2 for all x in B(p 1 , δ 1 ). Choose C 1 a closed ball, of radius s 1 > 0, contained in B(p 1 , δ 1 ) and missing q 1 = p 1 (which we can do as p 1 is not an isolated point).
For the inductive step, suppose that we are given an open ball B(p n , δ n ), where p n ∈ A, and such that |f (x) − f (p n )| < 1 2 n for all x ∈ B(p n , δ n ), and a closed ball C n , of radius s n , inside B(p n , δ n ) and not containing q n . Choose now an element of A, denoted by p n+1 , in B(p n , δ n ). By continuity at p n+1 , there exists an open ball B(p n+1 , δ n+1 ), that we can choose inside B(p n , δ n ), such that |f (x)− f (p n+1 )| < 1 2 n+1 for all x ∈ B(p n+1 , δ n+1 ). Choose a closed ball C n+1 inside B(p n+1 , δ n+1 ), of radius s n+1 < sn 2 , and that misses the element q n+1 . We have constructed a sequence of nested closed balls C n with q n / ∈ C n . The centers of these balls form a Cauchy sequence, as their radii converge to 0. Since the space is complete, the sequence has a limit z, which must be in the intersection of the balls. Also, z is not in A as z = q n for all n ∈ N. We now show that f is continuous at z. Let ε > 0 and choose n ∈ N so that 1/2 n−1 < ε. Choose δ > 0 so that the ball B(z, δ) is in B(p n , δ n ). Then if x ∈ B(z, δ),
Now let B be the subset of X \ A consisting of all points z such that f is continuous at z. If B is countable let A ′ = A ∪ B. Then A ′ is countable and dense, so by the previous argument, there exists a point z in X \ A ′ such that f is continuous at z. But this contradicts the definition of B, therefore B must be uncountable.
If X consists only of isolated points and A is dense, then A = X. The theorem also implies that a nonempty complete metric space with no isolated points must be uncountable (consider a function constant on X \ {p} and with a different value at p). It follows that positive-radius closed balls in X, as they are complete, must be uncountable. Therefore, nonempty open balls in X are uncountable.
Example. Let X be a nonempty complete metric space without isolated points, and A a countable dense subset of X. We show that there is always a function on X that is discontinuous only on A. In fact, write A = {q n : n ∈ N}. Define a function g on A by setting g(q n ) = 1 + 1/2 n , and when x is not in A let g(x) = 1. To show that g is continuous outside A let x / ∈ A and ε > 0. Choose n so that 1/2 n < ε. Then choose δ > 0 so that the ball B(x, δ) avoids the finitely many points 1/2, 1/2 2 , . . . , 1/2 n−1 . Now let y be a point in B(x, δ). If y / ∈ A, then g(y) = 1 = g(x), so |g(x) − g(y)| < ε. If y ∈ A, then g(y) = 1 + 1/2 m for some m ≥ n. So |g(x) − g(y)| ≤ 1/2 m < ε. Finally, to see that g is not continuous on A we use that the complement of A is dense in X, since nonempty open balls are uncountable. For each q n let 0 < ε < 1/2 n . We can choose y in A c that is arbitrarily close to q n and such that |g(q n ) − g(y)| = 1/2 n > ε. Then g is discontinuous at q n .
The example also shows that one cannot hope to improve the theorem, as there are functions that are continuous on an uncountable set but not the whole space.
If we restrict the domain of the function g to the case when X = R, then one can verify that g is not differentiable at points in A c (and of course also at points in A). This is also holds for Thomae's function; for modified Thomae's functions that are differentiable on a countable set of irrationals see [1] .
